We study a quantum dot coupled to two semiconducting reservoirs, when the dot level and the electrochemical potential are both close to a band edge in the reservoirs. This is modelled with an exactly solvable Hamiltonian without interactions (the Fano-Anderson model). The model shows an abrupt transition in its physics as the dot-reservoir coupling is increased, if the band's density of states goes to zero at the band edge. Then an infinite-lifetime bound state appears in the band gap, when the coupling is stronger than a critical value. We study the signature of this transition in the electric and thermoelectric responses, showing that they change very rapidly when the dot-reservoir coupling is close to its critical value. Typically, the thermoelectric figure of merit ZT grows as the coupling approaches its critical value, but then drops sharply at the critical point.
I. INTRODUCTION
There is great current interest in the thermal and thermoelectric transport properties of quantum dots or molecules coupled to electronic reservoirs. It is known that they can be used as heat engines (converting a heat flow into electrical power) or refrigerators (using electrical power to extract heat from an already cold reservoir of electrons). Experimental demonstrations include Refs. [1] [2] [3] [4] [5] [6] , while much of the theory is reviewed in Ref. 7 . However, few such works have considered the effects of the band structure of the electronic reservoirs on the quantum dot's transport properties, such as when the reservoirs are semiconductors with a band gap. Here we ask how the physics changes when the dot level is at an energy close to a band edge in the electronic reservoirs. As a first step in answering this question, we consider a non-interacting model, often known as the Fano-Anderson model, 8, 9 for which one can exactly solve the dynamics and extract all observables.
The bosonic version of the Fano-Anderson model with band edges has been extensively studied in the context of an atomic level coupled to a photonic continuum with a band structure. It has long been predicted that this model (and other similar models) exhibit an infinitelifetime bound state, [10] [11] [12] [13] [14] reviewed in Refs. 15 and 16. The state in the level get partially trapped in this bound state, and never fully decays into the continuum. This was recently observed in an NV centre in a waveguide, 17 and is predicted to lead to various effects such as lighttrapping 18 and perfect subradiance. 19 In the context of a quantum dot coupled to a superconductor, it leads to Landau-Zener-Stueckelberg physics. 20 If the continuum's density of states vanishes at the band gap, there is a transition from a situation without a bound state to one with a bound state, as the level's coupling to the continuum is increased. 14, 21, 22 Qualitatively, the critical coupling at which this transition occurs is of order the energy difference between the level and reservoir's band edge. We consider this transition for a quantum dot coupled to two reservoirs, and ask how the appearance of the infinite-lifetime bound state affects the dot's occupation and transmission function.
We start by showing that the appearance of the bound state corresponds to a transition in dot occupation from finite time correlations to infinite time correlations. We then turn to transport properties determined by the dot's transmission function. One might guess that the transition does not affect the transport properties, since an infinite-lifetime bound state cannot carry any current. However, we show that the dot's transmission function acquires singular properties at the transition, which leads to rapid changes in the electrical conductivity G, thermal conductivity C, and Seebeck coefficient, S. We discuss the consequences of this for the system's thermoelectric figure of merit, ZT . This thermoelectric response is very different from that without band gaps, 23, 24 where there is never a bound state.
Neither the bound state nor the transition are captured by the standard "weak-coupling" theory reviewed in Chapters 8 and 9 of Ref. 7; this shows the importance of developing strong-coupling theories to capture such physics. This work is a first step in this direction. Sections II-IV give the model and its formal exact solution. Sections V and VI respectively discuss the dot occupation for a sudden turn-on of the dot-reservoir couplings (quench) and an adiabatic turn-on. Section VII gives the transmission from reservoir L to R as a function of energy and coupling. Section VIII gives a hand-waving interpretation of these results in terms of a Lamb shift induced by level-repulsion. Section IX gives the electric and thermoelectric response, showing how sensitive it is to the dot-reservoir coupling.
II. THE MODEL
The Hamiltonian we study describes a single-level quantum dot coupled to two reservoirs, 25
(1) whered andĉ αk denote field operators for an electron on the dot and in mode k of reservoir α ∈ {L, R} respectively; the corresponding energies are ω d and ω αk . Finally, g αk describes the coupling between the dot and mode k in reservoir α. This model neglects electronelectron interactions on the dot. The simplest experimental implementation of such a model is to consider an interacting quantum dot (described by an Anderson impurity Hamiltonian) with a large enough magnetic field that the dot's spin-state with higher energy is always empty, which makes the on-dot interaction term negligible. The electron reservoirs contain infinitely many modes described by continuous spectral densities:
Crucially we do not take the wide-band limit, and instead consider the case where the dot level is close to a band edge. The results in this work that explicitly contain J L (ω), J R (ω), or J(ω) = J L (ω) + J R (ω) are for an arbitrary band structure in the reservoirs (possibly with multiple bands and band gaps). However, we will particularly consider reservoirs with a single band, when the dot-level is close to the lower band edge. The reservoir's spectral density goes like a power law at this band edge, ω s , and is regularised with exponentially decay at high energies. In this case, we restrict our interest to two reservoirs made of the same material in the linearresponse regime, 26 so
where (without loss of generality) we take the zero of energy to be the band edge. A bound state in the spectrum at energy ω * n corresponds to a pole in the complex plane at z = −iω * n. A band from energy ω to energy ω corresponds to a branch cut from z = −iω to z = −iω . The inverse Laplace transform is an integral along the dashed blue contour in (b), which is deformed into the solid blue contour for evaluation.
III. SOLUTION VIA LAPLACE TRANSFORM
The Hamiltonian in Eq. (1) being quadratic, the Heisenberg equations of motion consist of a set of linear first-order differential equations. These are solved using the Laplace transform
where the operator is time-dependent because we work in the Heisenberg picture. In Laplace space, the dot annihilation operator satisfieŝ
whered 0 andĉ αk;0 are the operators at time t = 0. The prefactor contains the self-energy
where J(ω) = J L (ω) + J R (ω). For the spectral densities Eq. (3) this is
where Γ(a) and Γ(a, w) respectively denote the complete and incomplete Gamma functions.
IV. INVERSE LAPLACE TRANSFORM
The time-dependence of the dot's state is given by the inverse Laplace transform of Eq. (5). This is a product of two terms, so the inverse Laplace transform is a convolution in time domain of the inverse Laplace transform of each term. The inverse transform of the expression in brackets in Eq. (5) is straight-forward, and we therefore focus on the prefactor. We define ϕ(t) as the inverse Laplace transform of this prefactor, 27 1/(z+i(ω d +Σ(z))). It is given by an integration along a vertical line in the complex plane, which we close as in Fig. 2b . This process leads to a solution in two parts: the first being the integral along the branch cuts, and the second coming from poles of Eq. (6). We will see that the branch cuts correspond to the continuum of states, while the poles correspond bound states in the band gaps.
The branch cut is always present, while the poles are only there if z + i(ω d + Σ(z)) = 0 has a solution. It is straightforward to show that any such solution is purely imaginary and so is given by the (real) zeros of the function
The zeros of Ω(ω) only occur at values of ω where J(ω) = 0, otherwise the integral in Eq. (8) is divergent, which means poles only occur at energies in the band gaps of the reservoirs. The poles given by the zeros of Ω(ω), can be shown to correspond to eigenstates of the full Hamiltonian for the dot coupled to the reservoirs, see Eq. (1). To see this, one must perform a Bogoliubov transformation on Eq. (1), so it takes the form of an arrowhead matrix, whose eigenvalues are given in Ref. 28 . Upon taking the continuum limit, the surviving eigenvalues (those that do not fall in the continuum) are seen to satisfy Ω(ω) = 0. Thus the poles in the inverse Laplace transform correspond to eigenstates of Eq. (1) in the band gaps. These eigenstates are combinations of dot and reservoir states, and are usually called bound states because they do not decay into the continuum. 13 Since Ω(ω) is an increasing function of ω in any band gap, there is at most one bound state (pole) per band gap.
The case in Eq.
(3) has a single band gap (which extends over all negative energies), it thus features at most one bound state. It has Ω(−∞) = −∞, with Ω(ω) monotonically increasing for ω < 0, so the bound state exists in the band gap if and only if Ω(ω → 0 − ) > 0. Given Eq. (3), this criterion becomes K > K * , where the critical coupling 14, 22 
For s < 0 (for example a square-root divergence in the density of states at the band edge) the bound state is present at all couplings. In contrast for all s > 0, there is no bound state at weak coupling, but one appears at a transition when one increases the coupling to K = K * . The critical coupling, K * , is proportional to the energy gap ω d between the dot level and the band edge, hence the transition will be easily observed in systems with the dot level close to the band edge. In contrast, the wideband limit corresponds to the dot level infinitely far from any band edge, so one will not see a bound state for any finite dot-reservoir coupling.
In general one finds that
where B in the first term is an integral over all bands (all ω where J(ω) = 0) and is due to the continuum of states (branch cuts), while the second term is a sum over all bound states (poles). Eq. (10) introduces two quantities, Z * n and S(ω). First, Z * n = | ψ * n |d † 0 |0 | 2 is the overlap between the dot-level and the nth bound state with energy ω * n . It reads
where K * n is the critical coupling above which the nth bound state appears. For the spectral density in Eq. (3), where there is only one bound state with critical coupling K * given in Eq. (9), the precise nature of the discontinuity at K = K * is seen by taking K − K * to be small, then, for 0 < s < 1,
where B(s) = sin(πs) (πK). For s > 1, we find that Z * jumps to a finite value at the transition.
Secondly, the continuum contribution contains
where Λ(ω) corresponds to the Lamb shift which accounts for the renormalization of the dot level due to the coupling to the reservoirs. It is given by the Cauchy principal value integral,
V
. DOT DYNAMICS WITH AN INITIAL QUENCH
Here, we consider the dynamics of the dot occupation n(t) for an initial a product state, with the dot in a chosen state and the reservoirs in a thermal state. This is natural when the system and reservoirs are initially decoupled, and we instantaneously turn on the coupling (a quench) at time t = 0. This is the situation considered for an atom coupled to a reservoir of photons in Ref. 13 , and we find the same result. In the absence of the bound state, the dot state decays to a final state which is independent of the initial state. In contrast, in the presence of the bound state, the dot gets partially trapped in its initial state forever.
The state at the moment of the quench (t = 0) iŝ
wherep 0 is the initial density matrix of the quantum dot andˆ α,eq is the equilibrium density matrix for reservoir α,ˆ
with β α and µ α denoting the inverse temperature and the chemical potential of reservoir α. The average number of electrons on the dot is
The exact dynamics of the field operators derived above, provide a full solution of the model. So the occupation for any time is
where n 0 is the initial occupation of the dot. Here,
, so it is the "average" of the Fermi functions f L (ω) and f R (ω). The two other functions are ϕ(t) given in Eq. (10) and 
It is straighforward to obtain the long-time limit of n(t) using arguments of this type, but in general the result is long and ugly. Appendix A shows that, in any situation with only one bound state, we can make use of the conservation of particle number 29, 30 to find a compact expression for the long-time limit of the dot occupation
One sees that when a bound state exists, Z * = 0, the long-time occupation depends on the initial dot occupation, n 0 , because the dot gets partially trapped in its initial state forever. This is seen in Fig. 4 , where the dot occupation a long time after a quench depends on on the choice of n 0 for all K > K * .
VI. DOT DYNAMICS WITH ADIABATIC PREPARATION
In quantum-dot or molecular nano-structures a rapid quench of the dot-reservoir coupling can be difficult. At the same time the bound state will not have entirely infinite lifetime, because weak inelastic scattering effects (phonons, etc) which are beyond Eq. (1), will give it a long but finite lifetime. Thus, it is natural to consider an initial state which has had non-zero dot-reservoir coupling for so long that even the bound state has relaxed to its steady state by time t. This is equivalent to the adiabatic turn-on of the dot-reservoir couplings in the very distant past. 31 With this initial condition, the dot occupation shows no discontinuity at the transition, see the dashed line in Fig. 4 . However, we will show that the transition is visible as a discontinuity in the time-correlations of the dot occupation. In the absence of the bound state, the correlation between the occupation at time t and time t + τ decay with τ on a timescale given by the dot-reservoir coupling. In the presence of the bound state, this correlation acquires a component which is infinite range in τ . This is the equivalent of the non-decaying states discussed in Ref. 13 in the absence of the quench.
The correlation function that we consider is
for large enough time that the system has achieved its steady state at time t, from the product state,ˆ 0 , at time t = 0. To ensure that the bound state (if it exists) arrives at its steady state by time t, we add a small constant η to the coupling J(ω), so we replace J(ω) bỹ
in all quantities (indicating them with a tilde). For small but finite η, the bound state is replaced by a resonance, which gives a narrow Lorentzian in the density of states. This is a crude way of mimicking the weak inelastic effects that will give the bound state a finite lifetime, but will be sufficient for our purposes. The Lorentzian tends to a delta-function as η → 0, and the resonance tends to an infinite lifetime bound state. AsJ(ω) represents a continuum extending over the whole range of frequencies, the formulae derived before can be used here upon extending the integrations to all frequencies, and dropping the Z * -terms. At the end of the calculation, we take t → ∞ and then η → 0, to recover the physics of the bound state (including the Z * term) between time t and t + τ while ensuring that even the bound state was completely relaxed to its steady state at time t.
In this situation the self-energy is
The Lamb shift is unchanged as the additional term in the self-energy is purely imaginary. The steady-state occupation (t → ∞) for finite η reads
We now take the limit η → 0. Crucially in the regimes where J(ω) = 0 the limits are
This yields for η → 0
which is a continuous function of dot-reservoir coupling (see e.g. the dashed line in Fig. 4) . The correlation function for t → ∞ with finite η, reads
(29) Taking the limit η → 0 and then the limit of large τ , we find for any situation with only one bound state that
We recall that Z * in Eq. (11) is zero for dot-system coupling K < K * and non-zero for K > K * . Thus the correlation decay if there is no bound state (K < K * ), so G long-time is zero. However when the bound state is present, then the correlations remain for all τ (up to the inelastic timescale). For multiple bound states,G(τ ) decays at large τ to coherent oscillations, due to beating between with different bound states, 
where we write F (ω * n ) as F * n for compactness. This is reminiscent of the decay of a driven-dissipative classical system to a limit cycle, although here the oscillations in the long-time limit are of quantum origin.
The results in Eqs. (28, 30) were originally found by one of us (M. H.) using the Keldysh field theory methods in Ref. 32 .
Of course, the weak inelastic effects will cut-off the correlations induced by the bound state at the timescale of the inelastic scattering. However, at low temperatures this can be orders of magnitude longer than the timescale for decay in the absence of the bound state.
VII. TRANSPORT PROPERTIES
The bound state does not decay, which means that it cannot carry any current. Thus, one might expect that the presence or absence of this bound state has no effect on the transport properties of the dot. Thus the long-time transport properties, which are relevant to DC transport and steady-state heat-engine physics, do not depend on the initial dot occupation. None the less, we will show that the transition at which the bound state appears does have an effect on the dot's transport properties.
The particle current into reservoir α is defined as
Then at time t after a quench,
where we have defined
These currents do not cancel (j 
The steady state current is derived through the same process that led to the long-term occupation probability. After some algebraic manipulations, see the appendix, we find that this steady-state current takes a Landauer form 24, 33 
with the transmission function
for all ω with non-zero J L,R (ω). Here Λ(ω) is the Lamb shift defined in Eq. (14) . This result does not depend on the initial state, and is the same for long times after a quench or adiabatic preparation. The energy current entering reservoir α is defined as
With suitable algebraic manipulations, very similar to the ones of the particle current, we find that the steadystate energy current from L to R also takes a Landauer form,
FIG. 5. Transmission as a function of frequency for various values of the coupling, when J(ω) is given by Eq. (3) and vanishes at the band edge. The parameters are ωc = 10ω d and s = 1/2. For K much less than K * (blue lines), the transmission function is a Lorentzian at the dot level. It then loses its shape and drifts towards the origin as the coupling increases up to its critical value (black line). When K exceeds K * (light and dark orange lines), the transmission function becomes much flatter.
Thus the transport properties can be understood by studying the properties of the transmission function in Eq. (36). Fig. 5 shows the typical behaviour of the transmission function for different couplings K, when the spectral function is Eq. (3) with 0 < s < 1. The transition can be clearly seen as a discontinuity of the transmission at the band edge, T (ω → 0 + ), as a function of K. The nature of the discontinuity at small ω depends on the exponent s. For 0 < s < 1, the low-frequency transmission is
Thus the transmission at the band edge has a discontinuity at K = K * ; it vanishes at the band edge for all K = K * , but is finite for K = K * . Indeed when s = 1/2 and K = K * , the transmission at the band edge is perfect; T (ω → 0 + ) = 1. While the transmission is only a discontinuous function of K at ω → 0 + , it changes rapidly close to the transition for any ω ω d (as seen in Fig. 5 ). For s > 1, we alse find that the low-frequency behaviour of the transmission is different for K = K * and K = K * , however, T (ω) vanishes at the band edge in both cases.
In contrast, the behaviour is very different when J(ω) diverges at the band edge; s < 0 in Eq. (3). In this case there is a bound state at all values of the coupling, and the transmission always exhibits a peak at the band edge as we have T (ω) −→ would be a narrow Lorentzian centred at the dot-level, there is a second narrow peak at the band edge.
VIII. INTERPRETATION AS A LAMB SHIFT
To get an more intuitive feel for the physics, this section describes the physics qualitatively by interpreting the Lamb shift in terms of level-repulsion between the dot level and the reservoir's continuum.
In this weak coupling limit, Fermi's golden rule tells us that the coupling to a continuum has two effects on the discrete levels of a quantum system. Firstly, the coupling shifts the energies of the discrete levels; this is known as a Lamb shift. Secondly the levels are broadened to become resonances because the state acquires a finite lifetime. The usual weak-coupling (Fermi golden rule) formula for the Lamb shift of the quantum dot level is Λ(ω d ), with Λ(ω) given in Eq. (14) . This fits with the exact result in Eq. (14) when the coupling is weak enough that the physics is dominated by ω ω d .
The Lamb shift has the following hand-waving interpretation in terms of the level repulsion between the dot level and individual continuum levels. The coupling to a continuum level with higher energy than the dot level will shift the dot level down in energy (with the continuum level being shifted up slightly). At the same time, the coupling to a continuum level with lower energy than the dot level will shift the dot level up in energy. The Lamb shift is the sum of all of these small shifts. If the continuum has a constant density of states (wide band limit), then the shifts up and down cancel, and there is no Lamb shift. However, if the continuum has a higher density of states above the dot level than below it (as for Eq. (3) with s > 0), the Lamb shift is negative and moves the dot level to lower energies.
The transmission given in Eq. (36) has a peak at ω = ω d −Λ(ω). For s > 0, as in Fig. 5 , this peak moves to lower energies as the coupling is increased (for K < K * ). This corresponds to an increasingly negative Lamb shift of the dot level, which the coupling also gives a finite lifetime, broadening it into a resonance. When the coupling reaches the critical value K * , the peaks sits exactly at the band edge, so at this and only this coupling, the transmission at the band edge is finite. When the coupling K becomes larger than K * the Lamb shift is so large that it has moved the peak out of the band. One can naively interpret this as the Lamb shift having pushed the dot level out of the band, at which point the level becomes a bound-state with energy given by the ω which satisfies Ω(ω) = 0 in Eq. (8) . However, more precisely, the dot state is then a superposition of the bound state and continuum states, so there is still transmission through the dot at K > K * , but it no longer exhibits a peak with transmission equal to one.
This handwaving argument works less well for s < 0, because the usual weak-coupling (Fermi golden rule) argument does not reproduce the bound-state that is always present in the exact solution. However, the handwaving argument at least gives an indication of why the transmission peak at ω = ω d in Fig. 6 moves to higher energies as the coupling is increased. This is because the Lamb shift is positive when the density of states is large below the dot level than above it. At the same time, there is another peak at the band-edge; this is because J(ω → 0) → ∞, so Eq. (36) takes a finite value at ω = 0 irrespective of the value of the ω − ω d − Λ(ω) 2 -term in the denominator at ω = 0.
IX. THERMOELECTRIC TRANSPORT COEFFICIENTS
When the differences in temperature and chemical potential between the two reservoirs are small compared to their average values, the linear response theory can be applied and all the transport properties of the system can be deduced from the thermoelectric transport coefficients. 7 Taking the linear-response regime of Eqs. (35) and (38), one finds that the following thermoelectric quantities electric conductance, G = e 2 I 0 , Here e is the electron charge, T is the average temperature of the two reservoirs (T T L T R ), and
with f (ω) being the derivative of the Fermi distribution, −f (ω) = (β/4) cosh −2 (β(ω − µ)/2). From these equations, we see that the change of behaviour of the transmission at low frequencies leads to rapid changes for the transport coefficients when one considers the electrochemical potential below the band edge (µ < 0). Indeed, −f (ω) is basically a box centered on µ of width ∼ T that is superimposed on the transmission function. If one then takes µ to be negative and T of the order of |µ|, the transport coefficients will be dominated by the small ω behaviour of T (ω). As the discontinuity in the transmission is only at ω = 0 + , and these coefficients involves integrals over ω, they do not exhibit any discontinuities at K = K * , but they carry a signature of the discontinuity in their rapid change with K. Fig. 7 shows this rapid change in electric and thermoelectric properties close to K = K * ; in some cases the change is so rapid, that the curve looks discontinuous. It only becomes strictly discontinuous in the µ → 0 and T → 0 limit, which is also the limit where C and S become vanishingly small.
The conductances exhibit a peak at K K * whereas the Seebeck coefficient and the figure of merit (and thus the efficiency) typically drop at this point. The latter two have dips at K K * , because of a competition between the peaks in their numerators and the peaks in their denominators; the denominator wins in all the cases we have looked at. In the limit µ → 0 and T → 0, these peaks and dips become discontinuities in the derivative of the function in question, and sit exactly at K * . These fast variations of transport coefficients with K typically lead to increased S and ZT near to the transition. For example in Fig. 7 , ZT is almost 20% larger near the transition than at small coupling.
X. CONCLUSIONS
We consider the infinite-lifetime bound states of a quantum dot coupled to reservoirs with band gaps. For reservoir's spectra that vanish at the band edge, a bound state appears in the band gap when the dot-reservoir coupling exceeds a critical value. This transition induces a discontinuity in the dot's transmission at the band edge, which can have a strong signature in the electric and thermoelectric transport properties.
For reservoir spectra that diverge at the band edge, there is a bound state for all coupling. The dot's transmission has a peak at the band edge, even at arbitrarily weak coupling. This peak will dominate transport whenever the electrochemical potential is close to the band edge. The usual argument, that the dot's transmission is a Lorentzian centred at the dot level, will give erroneous transport properties in such situations.
The richness of this model could not be guessed from the usual weak-coupling arguments, this suggests that other surprises may await us in the strong-coupling limit when we add electron-electron interactions.
We explain here how one can combine the Riemann-Lebesgue lemma and continuity equation to obtain the long-time limits of the dot occupation (Eq. (21)) and particle (Eq. (35)). We focus on situations with a single energy band for positive energies, that is, with only one bound state.
Using the same kind of arguments that gave ϕ(t → ∞) in Eq. (20) , we obtain the following expression for the long-time occupation, For what follows, we have regrouped a number of terms in A(ω), defined as
where σ(ω) is the following principal value integral,
Similarly, the steady-state currents read
(A4) It is straightforward to show that the quantum dot obeys the continuity equation In the integral of Eq. (A6), only the factor F (ω) depends on the temperatures and chemical potentials of the reservoirs. However, the aforementioned integral has to vanish for any choice of reservoirs. We thus understand that the integrand of Eq. (A6) necessarily cancels, that is J(ω)A(ω) = S(ω).
(A7)
Then, replacing A(ω) in Eqs. (A1) and (A4), we obtain the simpler expressions in Eqs. (21) and (35).
